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A novel method involving the use of micromechanical analysis to predict elastic constants of a unidirectional fiber-

reinforced composite is proposed. The method revolves around a model called the two-parameter model. The two

parameters are obtained by performing one micromechanical analysis of the composite unit cell along one of its

transverse directions. The method involves construction of response surfaces that act as surrogate models, for the

prediction of the two parameters, corresponding to any fiber-reinforced composite design that uses a transversely

isotropic fiber and an isotropic matrix. Using the two parameters, four of the five elastic constants can be computed.

The fifth elastic constant, longitudinal shear modulus, is predicted using a separate response surface. The results

indicate that the two-parameter model in conjunction with the response surface makes accurate prediction of

composite elastic constants.

Nomenclature

C = stiffness matrix of the composite
Cf, Cm = stiffness matrix of fiber, matrix materials

Ef1 = longitudinal Young’s modulus of fiber
Ef2, Ef3 = transverse Young’s modulus of fiber

in 2- or 3-direction
Em = Young’s modulus of matrix
E1 = longitudinal Young’s modulus of composite
E2, E3 = transverse Young’s modulus of composite

in 2- or 3-direction
G12 = shear modulus of composite in the longitudinal

direction
Gf12 = longitudinal shear modulus of fiber

NEFL = number of fiber elements
�T� = influence matrix relating average fiber

strains to macrostrains in composite
ui = displacement along the ith direction
�u1a, �u1b = average u1 displacements of points on surfaces a, b

�uf1a, �uf1b = average u1 displacements of fiber on surfaces a, b

Vf = fiber volume fraction
Vf, Vm = volume of fiber, matrix phases
V = volume of composite
xi = Cartesian coordinates
�Δ� = difference between stiffness matrices of fiber

and matrix material
ε = strain
�εf = average fiber strain

εM = macrostrain (average strain) in the composite

εMii = macrostrain in the composite in the ith direction

ε�e� = strains at the centroid of element e
νf12 = major Poisson’s ratio of fiber
νf23 = transverse Poisson’s ratio of fiber
νm = Poisson’s ratio of matrix
ν12 = major Poisson’s ratio of composite
ν23 = transverse Poisson’s ratio of composite

σM = macrostress (average stress) in the composite

I. Introduction

M ICROMECHANICS has been a widely adopted approach for
the prediction of effective properties of a composite material.

For more than a century, researchers have developed various analyti-
calmethods such as rule ofmixtures [1] andmean fieldmethods (e.g.,
Eshelby [2]), leading to the derivation of semi-empirical formulas
such as the Halpin–Tsai equations [3] for the calculation of effective
properties. Finite-element-based micromechanics has been quite
popular for unidirectional composites for predicting elastic constants
(e.g., Sun and Chen [4]) and for predicting strength properties (e.g.,
Zhu et al. [5]). Jadhav and Sridharan [6] made use of finite-element-
based micromechanics for the prediction of nonlinear response of
laminated composites. Dang and Sankar [7] used the meshless local
Petrov–Galerkin inmicromechanicalmodels for predicting the elastic
constants of composites. Rakow and Waas [8] used micromechanics
approach for random fiber composites. Chou and Ishikawa [9] and
Bednarcyk and Arnold [10] made use of micromechanics to predict the
elastic properties of woven fabric and woven polymer composites, res-
pectively. Tabiei et al. [11] used micromechanics for analysis of plane-
weave-fabric composites with nonlinear material behavior. Recently,
Weigand and TerMaath [12] have used finite-element-based micro-
mechanics for sensitivity analysis of composite properties.
Advanced fiber composites have been used in aerospace and other

industries for more than 50 years. Advances in low-cost manufac-
turing techniques have made it possible to use fiber composites in
many other applications (e.g., wind-turbine blade, sporting goods,
boats, and other vehicles). In addition, textile composites such as
woven and braided composites arewidely used in the aforementioned
applications. However, estimation of the properties of textile com-
posites requires the properties of the unidirectional composites made
of the fiber tow and the matrix. There is a need for efficient and
accurate methods to estimate the properties of the composites from
the fiber and matrix properties. Although finite-element-based
micromechanics and testing can be afforded by big industries,
small companies need simpler methods to estimate the mechanical
properties of the composites at design stage. Furthermore, accurate
closed-form expressions for properties are useful in the design
optimization stage.
There are several methods available in the literature for estimating

the properties of unidirectional composites. For example, the rule of
mixtures is found to yield accurate results for the longitudinal
modulus E1 and the major Poisson’s ratio ν12. For transverse proper-
ties such as E2 and longitudinal shear modulusG12, the Halpin–Tsai
equations are popular. However, Halpin–Tsai types of equations are
not available for hexagonal unit cells [13,14].
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In the present study, wemake use of polynomial response surfaces
to derive empirical equations for various elastic constants in terms
of nondimensional fiber and matrix properties and fiber volume
fraction.Although one can construct response surfaces for each of the
elastic constants, we have simplified the approach by identifying two
parameters in the micromechanics equations that describe four of the
five elastic constants of a transversely isotropic composite. This
model is referred to as the two-parameter model (TPM) in the paper,
and thus the response surfaces are constructed only for the two
parameters. The accuracy of the model is verified by comparing the
empirical results with that of finite-element analyses for various
composite material systems. It is found that the current empirical
relations are very accurate when compared to results from finite-
element analysis (FEA). The elastic constants predicted using the
two-parametermodel areE1,E2,ν12, and ν23, where fiber is aligned in
the 1-direction. It is noted that G23 may be computed using E2 and
ν23, and hence is not treated as an independent elastic constant [15].
Independent of the TPM, a separate response surface is constructed
for the prediction of the longitudinal shear modulus G12, so that
surrogate models for all the independent elastic constants of a
transversely isotropic composite will be available. All response
surfaces were constructed using the surrogate toolbox developed by
Viana [16].
The paper is structured as follows. Section II presents the deriva-

tion of the two-parameter model. In Sec. III, surrogate models for
accurate prediction of elastic constants have been presented.
Section IV discusses the accuracy of the proposed method. In Sec. V,
a separate response surface for the prediction of the longitudinal shear
modulus has been presented, and conclusions are given in Sec. VI. A
brief explanation of various error measures used in the surrogate
models are provided in the Appendix.

II. Two-Parameter Model

A. Derivation of the Two-Parameter Model

For the derivation of the two-parameter micromechanical model
for a finite medium, fibers are assumed of circular cross section,
packed in a square or hexagonal array. No sort of isotropy is
associated with the fiber or the matrix.
We use σM and εM to refer to themacrostresses andmacrostrains in

the composite. Our goal is to determine the stiffness matrix C of the
composite that relates the macrostresses and strains as

σM � CεM (1)

The macrostrains can be expressed as the volume average of the
microstrains: strains averaged over the unit cell. Then, the previous
constitutive equation can be written as

σM � CεM � 1

V

Z
Vf

Cfε dV �
1

V

Z
Vm

Cmε dV (2)

Here, ε are the microstrains or simply strains in the fiber or the
matrix phases;Vf and Vm, respectively, are the volumes of the fiber

and matrix phases (V � Vf ∪ Vm); and Cf and Cm are the stiffness

matrices of the fiber andmatrix materials, respectively. In Eq. (2), the
integration has been split into two parts: one over the fiber phase (Vf)
and the other over the matrix phase (Vm). We modify the previous
equation by adding and subtracting Cm in the first integral and use
some algebraic manipulation to obtain

CεM � 1

V

Z
Vf

�Cf − Cm � Cm�ε dV �
1

V

Z
Vm

�Cmε� dV

� 1

V

Z
Vf

�Cf − Cm�ε dV �
�
1

V

Z
Vm

�Cmε� dV �
1

V

Z
Vf

�Cmε� dV
�

� 1

V

Z
Vf

�Cf − Cm�ε dV �
1

V

Z
V

�Cmε� dV (3)

We nowmultiply and divide the first term on the right-hand side of
the previous equation with the fiber volumeVf, and note the second
integral represents the average or macrostrains in the composite.
Thus, we can derive

CεM � Vf �Cf − Cm�
Z
Vf

1

Vf
�ε� dV � CmεM (4)

Vf is the fiber volume fraction of the composite. Now, the integral in

Eq. (4) can be recognized as average fiber strain �εf, and we finally

arrive at the relation

CεM � Vf �Cf − Cm��εf � CmεM (5)

Because we are in the realm of linear elasticity, the average strains
in the fiber will be linearly related to the macroscopic strains in the
composite:

f�εfg � �T�fεMg (6)

In the previous equation, �T� is a constant square matrix, and it
depends only on the material properties and the microstructure in-
cluding fiber volume ratio. Then, Eq. (5) can be written as

CεM � Vf �Cf − Cm��T�εM � CmεM (7)

If the previous relation must be true for any arbitrary state of
macrostrain εM, then the following identity must also hold true:

C � Cm � Vf �Cf − Cm��T� (8)

That is, the only information we need to calculate the stiffness of
the composite is the influence matrix �T� for a given material and
microstructure. Subsequently, Eq. (8) can be used to determine the
composite elastic constants in terms of fiber and matrix properties as
well as fiber volume fraction.
The preceding discussion is independent of the microstructure. In

the following, we discuss the special form �T� takes in the case of
unidirectional fiber composites. For the purpose of illustration, we
use a hexagonal unit cell, although the discussions are valid for other
shapes such as square unit cell as long as the fiber occupies the entire
length of the unit cell in the 1-direction. Referring to Fig. 1, the
macrostrain along the 1-direction, εM11, can be written as

εM11 �
1

V

Z
V

∂u1
∂x1

dV (9)

Making use of basic calculus and algebra (also shown in [15]), the
previous strain can be expressed as

εM11 �
1

L1

� �u1a − �u1b� (10)

where �u1a and �u1b are the average u1 displacements on surface
a�L1; x2; x3� and surface b�0; x2; x3� ; see Fig. 1. Using a similar
procedure, the average strain �εf11, in the unidirectional fiber can be

derived as

�εf11 �
1

L1

� �uf1a − �uf1b� (11)

where the average is performed only over the two end faces of the
fiber. However, periodic boundary conditions dictate that � �u1a − �u1b�
is a constant, and it is equal to � �uf1a − �uf1b�. Thus, one can show that

εM11 � �εf11 (12)

The T matrix, by definition, is of the form
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8<
:
�εf11
�εf22
�εf33

9=
; �

2
4T11 T12 T13

T21 T22 T23

T31 T32 T33

3
5
8<
:
εM11
εM22
εM33

9=
; (13)

Then, it is obvious fromEq. (12) thatT11 � 1 andT12 � T13 � 0.
Aswill be shown later for square andhexagonal unit cells considered in
this paper, T22 � T33 and T23 � T32 due to symmetry of the unit cell.
Now, let us consider Eq. (8). The stiffness matrices �C� and �Cf � are

symmetric. Hence, the product �Cf − Cm��T� must be symmetric.
Denote the difference between the stiffness matrices of fiber and
matrix as �Δ�. Then,

�Cf−Cm��T�

�

2
64
Δ11 Δ21 Δ21

Δ21 Δ22 Δ32

Δ21 Δ32 Δ22

3
75
2
64

1 0 0

T21 T22 T32

T31 T32 T22

3
75

�

2
64

Δ11�Δ21�T21�T31� Δ21�T22�T32� Δ21�T22�T32�
Δ21�Δ22T21�Δ22T22 Δ22T22�Δ32T32 Δ32T22�Δ22T32

Δ21�Δ32T21�Δ22T31 Δ32T22�Δ22T32 Δ22T22�Δ32T32

3
75

(14)

The symmetry condition of the previous product leads to

Δ21 � Δ22T21 � Δ32T31 � Δ21�T22 � T32�
Δ21 � Δ32T21 � Δ22T31 � Δ21�T22 � T32� (15)

The previous equations can be solved to express T21 and T31 in
terms of T22 and T32:

T21 � T31 �
Δ12�T22 � T32 − 1�

Δ22 � Δ23

(16)

Thus, the two parameters T22 and T32. completely define �T�. The
following subsection shows how both terms can be obtained by
performing one micromechanical analysis.
The physical meaning of the previous two parameters will be

useful in calculating them using the FEA. T22 is the average fiber
strain �εf22 when the representative volume element (RVE) is

subjected to only unit macrostrain εM22, (i.e., when εM11 � εM33 � 0,

εM22 � 1). Similarly, T32 is the average fiber strain �εf33 when the RVE
is subjected to only unit macrostrain εM22. That means by performing

one micromechanical analysis of the RVE with εM11 � εM33 � 0,

εM22 � 1, we can claulctae both the parameters T32 and T32.

B. Calculating the T Matrix

We are only interested in composites with transversely isotropic or
isotropic fibers with a hexagonal unit cell. For composites with
hexagonal unit cell, a rectangular RVE has been used, which ef-
fectively encompasses two complete hexagonal unit cells (Fig. 2).
Furthermore, wewill consider only one quarter of the rectangle due to
symmetry (Fig. 3), and thus the size of the model, hence the com-
putational cost, is further reduced. We chose a rectangular RVE
because of ease of applying multipoint constraints in the finite-
element model.
The finite-element model corresponds to a hexagon with an

edge length of one unit. This results in a rectangular RVE of edge
length of 1.5 units along the 2-direction and 0.866 units along the 3-
direction. A plane strain element with unit thickness is used for the
micromechanical analysis, which was carried out using Abaqus, a
commercial finite-element software. A total of 612 quadrilateral
elements were used in one quarter of the rectangular unit-cell (Fig. 3).
A convergence analysis using graphite/epoxy composite system was
carried out to confirm the accuracy of the finite-element model [15].
Boundary conditions applied to the representative volume elements
correspond to a unit strain analysis. That is, for a micromechanical
analysis along either of the transverse directions, unit strain is applied
along the respective direction. One may refer to [15] for applying
periodic boundary conditions using multipoint constraints in FEA.
Strains were computed at the centroid of each fiber element to
calculate the average fiber strains �εf22 and �εf33.
For an initial testing of the model given by Eq. (8), finite-element-

based unit strain analysis was performed using two designs with fiber
volume fraction 0.6. The first design uses a transversely isotropic
graphite fiber [17], and the other uses an isotropic E-glass fiber [18].
Because we are interested only in isotropic materials for the matrix,
epoxy [18] was used for both examples.
We consider two cases, 1) εM22 � 1;, and 2) εM33 � 1;, to validate

T22 � T33 and T22 � T32. The former will provide us with T22 and

Fig. 1 Unidirectional fiber surrounded by matrix comprising square
and hexagonal unit cells. The end surfaces of the unit cell are denoted by
“a” and “b”.

Fig. 2 Representative volume elements for composites with hexagonal
unit cells.

Fig. 3 One-fourth representative volume element (RVE) for composites
with hexagonal unit cells. The RVE contains a quadrant of two adjacent
fibers.
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T32. Similarly, case 2 will yield T23 and T33. Let us take the example
of case 1, wherein unit strain is applied along the 2-direction. To
compute the average strains �εf22 and �εf33 in the fiber, the elemental

strains ε22 and ε33 were computed at the centroid of fiber elements,
and the following calculations were used to determine the average
fiber strains:

�εfii �
P

NEFL
1 ε�e�ii V

�e�P
NEFL
1 V�e�

; i � 2; 3 (17)

where V�e� is the volume and ε�e�ii is the strain in the eth element;

NEFL is the total number of fiber elements and the sum is performed
over the fiber elements. When εM11 � εM33 � 0, T22 � �εf22∕εM22;
T32 � �εf33∕εM22.
Upon performing micromechanical analysis of the models for

composites with hexagonal unit cells, it was observed that T22 ≅ T33

and T32 � T23. The relevant results are given in Table 1. Based on
the results in Table 1, it can be deduced that there is absolutely no
requirement to perform micromechanical analyses along both the
transverse axes, 2 and 3. Instead, only one analysis is sufficient to
provide us with the values of T22, T32, T33, and T23.

III. Developing Surrogate Models for T22 and T32

Aresponse surfacemethodology portrays the relationship between
several explanatory (independent) variables and one or more
response (dependent) variables. The method was first introduced by
Box andWilson in 1951 [19]. It is important to acknowledge that this
model is only an approximation but is widely used because such a
model is easy to estimate and apply, even when little is known about
the process. Basic terminologies and error measures involved in
fitting an approximation to a set of data have been further discussed in
detail in the Appendix.
For creating our design of experiments, a design space was

generated using the Latin hypercube sampling (LHS) function pro-
vided in MATLAB. A big advantage of using LHS design space is
that the design points are better distributed for each variable. A
potential problem with the method is that, even though the design
points are well spread out, there are still some voids left in between
the data points. To overcome this problem,we performmultiple itera-
tions of LHS design in an attempt to maximize theminimum distance
between design points. This helps to populate the entire design space.
A more comprehensive study on the topic of response surface
methodology has been presented in [20,21]. It is important to note
that the LHS function inMATLAB requires the designvariables be in
the range of zero to 1. Hence the actual design variables have to be
scaled to keep 0–1 as the range.
As shown earlier, the knowledge of T22 and T32 is sufficient

enough for the prediction of the stiffnessmatrix of the composite and,
thus, the prediction ofmaterials constantsE1,E2, ν12, and ν23. Hence,
it is sufficient to build response surfaces for the two parameters T22

and T32. The response surfaces have been constructed only for
circular fibers in a hexagonal array. The independent variables for the
response surfacewill be the fiber elastic constantsEf1,Ef2, νf12, and
νf23; matrix elastic constants Em, and νm; and the fiber volume ratio
Vf. Further, the number of design variables could be reduced by
nondimensionalizing the variables, as shown in Eq. (18). The range
of the material constants were chosen based on the data for various
composites available in literature:

20 <
Ef1
Em

< 120; 1 <
Ef1
Ef2

< 35; 1 <
Gf12
Gm

< 30;

0.2 < νf12 < 0.35; 0.35 < νf23 < 0.45; 0.4 < Vf < 0.7 (18)

Equation (18) presents the range of material constants for com-
posites with transversely isotropic fibers. For composites using
completely isotropic fibers, the ranges were 20 < Ef∕Em < 120 and
0.2 < νf < 0.35. Design points were generated based on the variables
listed in Eq. (18). The selection of the design of experiments was
performed with a criterion for minimizing the minimum distance
between any two design points in the design space. One hundred
designs for composites with transversely isotropic fibers and 40 for
composites with isotropic fibers were generated. In an effort to make
the numerical ranges across all the variables more uniform, the log-
arithms of some of the design variables were used. The five variables
used in constructing the response surface are as follows:

log 10

�
Ef1
Em

�
; log 10

�
Ef2
Em

�
;

νf12
νm

;
νf23
νm

; Vf

(19)

The design points generated using the variables in Eq. (18) were
propagated to the set of variables in Eq. (19). The matrix properties
were taken as Em � 1 and νm � 0.35.
For each simulation, a set of parameters T22 and T32 was obtained

(i.e., 140 sets of parameters were recorded). Thus, independent
response surfaces were constructed for the prediction of T22 and T32.
An initial predictive capability test involving various types (full and
reduced) and degrees of polynomial response surfaces was carried
out, for six practical composite design systems (material details
provided inTable 2), to check the average error in prediction of each fit.
With 140data points available, response surfaceswere constructed and
tested for polynomials of degrees one through four [15].
It is important to note that Table 3 only displays the most accurate

response surfaces that were selected for the prediction ofT22 andT32.
The reader may refer to [15] for the comparison of other response
surfaces that were tested. We may now proceed with in-depth result
analysis using the selected response surfaces. The reader may use
their own variable ranges to construct response surfaces or may use
the fits from Table 3, the coefficients of which have been provided in
[15]. The average error in prediction of T22 and T32 was computed
over the six composite models analyzed using finite element analysis
with a volume fiber fraction of 0.6 and material properties listed in
Table 2. The range of T22 varied from 0.025 to 1.12. To increase the
absolute minimum value of the response (it was observed that the
predictive capability of the fit increased by doing so), thevariables are
fit against log 10(T22), which has a range of −1.60 to 0.05. The range
of T32 varies from −0.022 to 0.071. Again to increase the predictive
capability of the fit the variables are fit against 10T32 , which has a
range of 0.950 to 1.18. Note that a reduced fit was used to predictT32.
A reduced fit removes the coefficients (using t-statistics), which do
not contribute much to the response surface predictive capability.

Table 1 Results fromunit strain analysis along
the transverse directions

Composite T22 T33 T32 T23

Hexagonal unit cell

Graphite/epoxy 0.5406 0.5403 0.0326 0.0326
Glass/epoxy 0.2051 0.2049 0.0286 0.0286

Table 2 Material properties [13,17,18] in GPa units for validation of
response surfaces

Material Ef1 Ef2 νf12 νf23 Gf12

Fiber properties

T-300 221 13.8 0.200 0.430 8.96
Graphite 263 19.0 0.200 0.350 27.6
Kevlar 152 4.14 0.350 0.361 2.90
S-glass 85.5 85.5 0.200 0.200 35.6
E-glass 73.1 73.1 0.220 0.220 30.1
Boron 400 400 0.200 0.200 167

Matrix properties

Epoxy 3.50 3.50 0.350 0.350 1.29

SHARMA AND SANKAR 2991
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IV. Result Analysis

A. Evaluation of the Two-Parameter Model

We compare the results from the two-parametermodel (TPM)with
that from direct FEA for two composites, one using a transversely
isotropic fiber (graphite) and the second using an isotropic fiber
(E-glass).
Figure 4 displays the accuracy of two different methods (the two-

parameter model using polynomial response surfaces and the rule of
mixtures) and their comparison, with respect to the results obtained
using FEA, for predicting the material properties of the graphite
epoxy composite.
Figure 5 displays the accuracy of the two-parameter-based

response surface and rule ofmixtures aswell as their comparisonwith
respect to the results obtained using FEA, for predicting the material
properties of the E-glass epoxy composite.
As mentioned previously, the widely used Halpin–Tsai model

(used to predict the transverse elastic and shear modulus) is valid for
composite models with square unit cells only [14]. Hence, a compari-
son with the Halpin–Tsai model would not have been a reasonable
assessment.

B. Comparison to Prediction using Response Surface for the Elastic

Constants

One of the questions raised by the analysis of the response surfaces
(used to predict T22 and T32) was how good these approximations
are compared to a response surface where one might fit directly the
elastic constants to the composite designs. As portrayed by error

estimates in Table 4, there is not significant amount of difference
between the two approaches.

V. Predicting the Longitudinal Shear Modulus

As stated previously, the two-parameter model does not predict the
transverse shear modulusG12. However, to maintain completeness, a
surrogate for G12 is also presented here. The method to predict G12

using a plane model of the unit cell as described in [5] was used. The
procedures for hexagonal unit cell are further described in detail in
[15]. A unit shear-strain analysis was performed for each of the 100
transversely isotropic designs generated for the two-parameter model.
The design variables were log10�Gf12∕Gm� and Vf. Various

response surfaces were constructed to a find the most accurate fit
between the variables and the longitudinal shear modulus of the
composite, G12. The high number of data points and low number of
variables allowed for the construction of full response surfaces with
order of polynomials as high as four. The most accurate amongst all
the response surfaces, the fourth-degree fit, was found to give an
average prediction error of less than 0.1% (see Table 5). The
coefficients of the fourth-degree fit have been provided in [15].
However, the second-degree response surface given next appears to
be a reasonable approximation for practical applications:

G12

Gm
� 2 − 0.65log 10

�
Gf12
Gm

�
− 5.6Vf − 0.15

�
log10

�
Gf12
Gm

��
2

� 2.7Vflog10

�
Gf12
Gm

�
� 4.4V2

f (20)

Table 3 Accuracy and predictive capability characteristics of response surfaces

Type
Degree of
polynomial

N-PRESS
RMSE,a %

NRMSE,a % Adjusted goodness
of fit (R2

a)
a

Average error in
prediction %

Number of
coefficients

Full (T22) 3 0.34 0.11 1.00 0.621 56
Reduced (T32) 4 7.87 0.12 0.999 6.09 89

aRefer to appendices for details.

Fig. 4 Comparison of elastic constants of graphite/epoxy composite
obtained using the TPM and response surface for FEA results. Rule of
mixtures results are given for E1 and ν12 for comparison.

Fig. 5 Comparison of elastic constants of E-glass/epoxy composite
obtained using the TPM and response surface for FEA results. Rule of
mixtures results are given for E1 and ν12 for comparison.

2992 SHARMA AND SANKAR

D
ow

nl
oa

de
d 

by
 U

N
IV

E
R

SI
T

Y
 O

F 
FL

O
R

ID
A

 o
n 

Ja
nu

ar
y 

11
, 2

01
6 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.J
05

38
04

 



Although the results here are for a hexagonal unit cell, it is found
that the Halpin–Tsai equation for G12 for a circular fiber in a square
unit cell available in the literature (e.g., [13]) is as accurate as the
third-degree response surface as shown in Table 6. A value of ζ � 1
was used in the Halpin–Tsai equations.

VI. Conclusions

A new micromechanics method called the two-parameter model
was derived for the prediction ofE1,E2, ν12, and ν23 of a transversely
isotropic fiber composite. Only one plane micromechanics analysis
of the unit cell is required to determine the two parameters. Surrogate
modeling of the two parameters for composites with hexagonal unit
cell using polynomial response surfaces was carried out for the
accurate prediction of the two parameters as a function of several
variables that describe the microstructure of the composite. The
response surfaces were constructed based on the results obtained
from 140 individual simulations of composite designs generated
using Latin hypercube sampling. The results indicate that the two-
parameter model results are as accurate as that from a complete
finite-element analysis of the unit cell. A separate response surface
was developed for the prediction of the longitudinal shear modulus
G12. The empirical results for elastic constants will be useful in the
design, optimization, and sensitivity studies of unidirectional fiber
composites.

Appendix A: Error Measures for Surrogate Modeling

Aresponse surfacemethodology portrays the relationship between
several explanatory (independent) variables and one or more
response (dependent) variables. In its most generic form, a response
function y (that needs to be approximated) can be denoted as a
combination of ŷ (approximated function of a designvariablevectorx
and a vector of unknown parameters, β) and e, the vector of errors
associated with the curve fit:

yi � ŷ�xi; β� � ei (A1)

One has the data obtained from ny experiments at ny design points.
Each design point is denoted by xi. Our main objective is to find the
set of parameters β, that will best fit the experimental data. The
process of finding the vector β that best fits the experimental data is
called regression, and ŷ is called a response surface.

A1 Normalized Root-Mean-Square Error

Normalized rms error (N-RMSE) is one of the most commonly
used measures of the error observed while approximating a response
is the rms error and is given by

erms �

���������������������������������������������
1

ny

Xny
i�1
�yi − ŷ�xi; β��2

vuut (A2)

N-RMSE is a much more comparable measure of the rms error
because it can be measured in percentage. In the presented study, N-
RMSE is calculated by dividing the rms error by the range of observed
values. The expression for normalized rms error is thus given by

eN-rms �

������������������������������������������������
1
ny

Pny
i�1 �yi − ŷ�xi; β��2

q
max�y� −min�y� (A3)

Cross validation is an important aspect of surrogate modeling. It is
particularly attractive because it does not require any extra sets of
experiments to be performed. A cross-validation error is the error at a
data point when the surrogate is fitted to a subset of the p data points
that does not include this point. This can only be done provided the
number of points used for the fit is substantially larger than the number
of coefficients. When the surrogate is fitted to all the other ny − 1
points, the process has to be repeated ny times (leave-one-out strategy)
to obtain the vector of cross validation errors, ecv [16]. Becausewe are

Table 4 Error comparison between response surfaces for the two parameters and elastic constants

Vf Constants (predicted by) Percent error in E1 Percent error in ν12 Percent error in E2 Percent error in ν23
0.45 Response surface for T22 and T32. 0.001 0.096 0.382 0.617
0.45 Response surface for E1, E2,ν12, and ν23 0.033 0.048 0.593 0.139
0.5 Response surface for T22 and T32. 0.001 0.106 0.315 0.557
0.5 Response surface for E1, E2,ν12, and ν23 0.010 0.023 0.405 0.162
0.55 Response surface for T22 and T32. 0.000 0.077 0.216 0.200
0.55 Response surface for E1, E2,ν12, and ν23 0.012 0.030 0.440 0.194
0.6 Response surface for T22 and T32. 0.001 0.144 0.335 0.593
0.6 Response surface for E1, E2,ν12, and ν23 0.018 0.038 0.620 0.240
0.65 Response surface for T22 and T32. 0.002 0.196 0.389 0.892
0.65 response surface for E1, E2,ν12, and ν23 0.026 0.047 0.892 0.361

Table 5 Accuracy and predictive capability characteristics of response surfaces for prediction of G12

Type N-PRESS RMSE, % NRMSE, % Adjusted goodness of fit (R2
a) Average error in prediction, % Number of coefficients

First degree 6.14 5.80 0.917 4.10 3
Second degree 1.37 1.21 0.996 1.48 6
Third degree 0.588 0.368 0.999 0.385 10
Fourth degree 0.132 0.066 1.00 0.098 15

Table 6 Error comparison in prediction of G12

Fiber G12 computed using
finite elements, GPa

Percent error in prediction
of G12 using Eq. (A3)

Percent error in prediction of G12

using third-degree response surface
Percent error using Halpin–Tsai

equations with ζ � 1

Graphite 4.41 0.78 0.16 0.32
T-300 3.40 1.15 0.75 0.11
E-glass 4.47 2.1 0.24 0.32
S-glass 4.56 1.19 0.31 0.34
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using the sumof the squares of the prediction errors as ameasure of the
predictive accuracy of the response surface, the error is termed as
prediction error sum of squares (PRESS) rms error:

PRESSrms �
������������������
1

ny
eTcvecv

s
(A4)

We will make use of the normalized PRESS rms error (N-PRESS
RMSE, normalized in a manner similar to that of NRMSE).

A2 Adjusted Goodness of Fit

Another popular way for evaluating the accuracy of the fit is by
calculating the variation of the data throughout the response surface.
The variation of the data from its average �y is given by SSy. The
variation of the response surface from that same average is given by
SSR. Thus,

SSy �
Xny
i�1
�yi − �y�2; SSr �

Xny
i�1
�ŷi − �y�2 (A5)

The ratio of SSR to Sy, denoted by R
2, measures the fraction of the

variation in data as captured by the response surface. Increasing the
number of coefficients increases the value of R2. This by no means
conveys the statement that the prediction capabilities of the response
surface have improved. For nβ coefficients, the adjusted form ofR2 is
given by

R2
a � 1 − �1 − R2�

�
ny − 1

ny − nβ

�
(A6)

Thus, the adjusted value ofR2 is a bettermeasure of goodness of fit.
It is important to note that, if this value decreases upon increasing the
number of coefficients, it is a sign that we might be fitting the data
better but losing out on the predictive capabilities of the response
surface.
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